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Abstract
Using a combination of S-Matrix and perturbative QCD properties
in the small xBj regime, we propose a formulation of hard diffraction
unifying the partonic (Ingelman-Schlein) Pomeron, Soft Colour Inter-
action and QCD dipole descriptions. In particular, we show that all
three approaches give an unique and mutually compatible formula for
the proton diffractive structure functions FDiffT,L incorporating pertur-
bative and non perturbative QCD features.
1 Introduction
“Hard diffraction” is an experimental phenomenon which lies at the bor-
derline between “hard” and “soft” interactions. It appears as a scattering
process initiated by a hard probe (e.g. a virtual photon at HERA [1] or a for-
ward jet at the Tevatron [2]), but in which the proton target is not destroyed,
in a similar way to conventional soft diffractive processes. It is associated
with large rapidity gaps between the hadronic remnants of the target and of
the projectile as was discovered at HERA, but was first identified by high-PT
jets in diffraction at the ISR [3].
There has been a lot of debate about the theoretical explanation of hard
diffraction. Indeed, assuming a partonic content of the Pomeron led to a
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nice prediction [4] of the phenomenon and, supplemented by the QCD evolu-
tion of diffractive structure functions, to a quantitative description of HERA
data [5]. As satisfactory as can be this phenomenological analysis, the main
unsolved problem in this approach is the lack of relation between diffractive
and non diffractive hard scattering leading to a profusion of input parame-
ters (e.g. the non-perturbative parton distributions in the Pomeron). If one
wants to enter more deeply in the study of hard diffraction and in the still
mysterious nature of the Pomeron interaction, one has to look for theoretical
links with QCD. This is our goal.
In the present paper, we shall focus on three existing different theoretical
approaches of hard diffraction, for which we propose a new, unifying, for-
mulation. The first one we will refer to is the “partonic Pomeron” approach
[4]. The hard photon is here supposed to probe the parton distributions of
the Pomeron Regge pole considered as a hadronic particle. In fact we can
also consider it as an extension of the Regge theory of soft diffraction [6] to
incorporate the effect of the hardness of the probe1.
A second approach is the Soft Colour Interaction one , where hard diffrac-
tion is described by a two-step process: during a relatively short “interaction
time”, the probe initiates a typical hard deep-inelastic interaction. Then, at
large times/distances, a soft colour interaction is assumed which will decide
of the separation between diffractive and non-diffractive events according to
a simple probabilistic rule: It gives rise to colour neutralization of the final
state with probability of order 1/N2c (where Nc is the number of colours)
and thus to rapidity gaps and diffraction. The assumed extreme softness of
Soft Colour Interaction ensures that the dynamics of hard partons remains
unchanged. Various models based on Soft Colour Interaction [8, 9] lead to
satisfactory phenomenological descriptions.
A third approach is based on the small xBj regime of perturbative QCD,
where the resummation of leading log 1/xBj contributions allows one to ob-
tain some theoretical information on high energy hard interaction processes
following the Balitsky, Fadin, Kuraev, Lipatov (BFKL) approach [10]. Cal-
culations of hard diffraction using the related QCD dipole approach [11] or
in the original BFKL framework [12] have been performed. In fact, in the
line of QCD dipole models for proton structure functions [13], models [14]
1Models using explicitely concepts of the S-Matrix framework of Regge singularity
theory and taking into account the hard probe on a phenomenological ground do exist [7].
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for diffractive proton structure functions2 have been derived and give a con-
venient description of HERA data. For further abbreviation we shall call it
the “QCD dipole” approach3.
Keeping a general point of view, one may notice that each of these ap-
proaches has advantages and disadvantages with respect to the others. The
partonic Pomeron approach synthetises what we know about the effect of
the hard probe and the factorization properties of the hard interaction but
gives no prediction about the soft Pomeron dynamics. The Soft Colour In-
teraction approach give a nice relation (even in normalization) between hard
and soft deep-inelastic scattering but the nature of the colour rearrangement
at long distances is unknown. Finally the QCD dipole approach gives de-
tailed prescriptions for the form of the amplitudes, but the problem of the
perturbative/non-perturbative QCD interface and the crucial point of the
relative normalization of diffractive vs non-diffractive contributions, remain
obscure.
In the present paper we will show that the three aproaches may find a
common formulation and intrinsic mutual equivalence through S-Matrix rela-
tions on different analytic discontinuities of 3→ 3 forward elastic amplitudes
in the so-called triple-Regge regime. Within this unifying S-Matrix frame-
work and using the hard probe as a hint for the application of perturbative
QCD to the calculation of these discontinuities whenever it is reasonably jus-
tified, we will end with a constrained formulation of the diffractive structure
functions, transcending the limitations of each of them taken separately.
The plan of the paper is as follows: In the next section we will give the
general framework, using both the S-Matrix and perturbative QCD proper-
ties, allowing one to mutually relate the three abovementionned approaches
to hard diffraction. In the next section 3, concentrating on the inelastic com-
ponent, we show the compatibility of the QCD dipole and partonic Pomeron
approaches. In section 4 the same is done for the QCD dipole and Soft Colour
Interaction approaches. As a result, a determination of the longitudinal and
transverse diffractive structure functions emerges incorporating both pertur-
bative and non perturbative ingredients in an overall consistent QCD picture
of hard diffraction. In the last section 5, we give a summary of our results,
and an outlook on phenomenological tests and theoretical consequences of
2Two different components have to be distinguished [15, 14] : inelastic for large diffrac-
tive masses and elastic for small masses.
3To be more specific, we shall not include either next-leading or non-perturbative cor-
rections to the QCD dipole picture, and use an effective leading order BFKL approach.
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our unifying approach.
2 General unifying framework
The usual kinematical variables for the diffractive amplitudes and cross-
sections are Q2, the photon virtuality, Y ≡ log 1/xBj , the total rapidity avail-
able for the final hadronic state, y ≡ log 1/xP , the rapidity gap, t ≃ −P 2T ,
where PT is the momentum transferred at the proton vertex. We use also
Y−y ≈ logM2X ≃ log 1/β where MX is the invariant mass of the diffractively
produced state4.
In the following we shall make use of the important S-Matrix connec-
tion, also called Mueller-Regge relation [17], between semi-inclusive ampli-
tudes and specific discontinuity contributions of forward elastic 3→ 3 ampli-
tudes. It naturally applies to hard diffraction initiated by a virtual photon,
as sketched in Fig.1, namely
γ∗ + p→ p+X ⇐⇒ Disc1 {γ∗p¯ p → γ∗p¯ p} . (1)
In fact, this relation, derived in the context of soft physics5 [18], can also
be applied to the definition of hard diffraction when Q2 and y ≡ log 1/xP
are large enough (typically, Q2 > 4.5GeV 2, xP > 10
−2). In this case, the
Mueller-Regge relation applies in a region where the Pomeron Regge poles
are supposed to take into account the colour singlet exchange responsible for
the gap. If moreover, the diffractive mass MX is large enough, one considers
a Pomeron-like singularity describing the large MX behaviour. However the
resulting triple-Pomeron contribution is to be interpreted here in a loose
sense since this third Regge singularity may differ from the other ones due
to the hard probe, as mentionned in the previous section. We will thus keep
the word Pomeron for those responsible for the gaps.
In the triple-Regge kinematical region, one thus writes [6]:
dFDiffT,L
dP 2T
∼ Disc1A(3→ 3) ∝ GP (t) |ξαP |2 e2(αP−1)y σtotγ∗−P , (2)
4Indeed one has the relation β ≡ xBj/xP = Q2/(M2X + Q2 − t) but due to the sharp
cut-off in t, one can often neglect t in the denominator.
5To our knowledge, the application of the Mueller-Regge relations for the Soft Pomeron
region appeared in a Regge theory framework in Refs.[18], while the phase factors were
discussed in detail in [19]. The extension to soft diffraction and related references can be
found in Ref. [6].
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Figure 1: Mueller-Regge relation for hard diffraction. The summation over final
diffractive states X gives rise to a specific discontinuity Disc1A of a forward A(3 → 3)
amplitude. P denote the Pomeron-Regge exchange leading to rapidity gaps .
where
dFDiff
T,L
dP 2
T
is the “unintegrated” (t-dependent) diffractive structure func-
tions (related to the measurable hard diffractive cross-sections),
ξαP (t) ≡ Γ(−αP (t))
{
1 + e−ipiαP (t)
}
(3)
is the (partonic) Pomeron Regge phase factor in the amplitude and αP (t) =
αP (0)+α
′
P t is the (partonic) Pomeron-pole Regge trajectory
6 with intercept
αP (0) and slope α
′
P . GP (t) is a function, not constrained in the Regge
formalism, describing the coupling of incident Pomerons to the proton.
The Pomeron-photon cross-section σtotγ∗−P describes the interaction of the
hard probe with the incident Pomeron. For instance, in the partonic Pomeron
model [4] , it is expressed in terms of Pomeron structure functions, in much
the same way as proton-photon cross-sections are expressed in terms of the
proton structure functions, but with a quite different partonic content [5].
Quite interestingly, the existence of the Regge phase factors (3) allows
one to relate other discontinuities of A(3 → 3) to Disc1A. As sketched in
Fig.2, one may consider a double discontinuity Disc2A(3 → 3) taking into
account also the analytic discontinuity in the subenergy of one of the incident
Pomeron exchanges and then a triple discontinuity Disc3A(3→ 3) including
6Other Regge singularities, such as cuts, could appear and give logarithmic prefactors.
For sake of simplicity, but without affecting the conclusions, we will stick to the formalism
of “effective” Regge poles.
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the discontinuity over the two Pomeron exchanges. The expression of the
discontinuities, through generalized unitarity relations, is obtainedthrough
the imaginary part of the relevant Regge phase factors. One writes7 [19]:
Disc1A=Disc2A=Disc3A =
sin π(2αP (t)−α∗P (0))
sin πα∗P (0)
Vpp¯ , (4)
where Vpp¯ ia a real function describing the pp¯ vertex in A(3→ 3). The no-
tation α∗P (0) indicates that the third Regge exchange, corresponding to the
summation over diffractive final states, may have (and indeed has in our
calculations) a different effective trajectory8.
Beyond these general relations of the S-Matrix framework in the triple-
Regge regime, we will now take advantage of the hard probe, allowing one to
introduce in the game the (resummed) perturbative QCD expansion at high
energy (small xBj).
Let us start with general considerations. In a generic S-Matrix approach,
the analytic discontinuities of scattering amplitudes are related to a sum-
mation over a complete set of asymptotic hadronic final states. If however,
the underlying microscopic field theory is at work with small renormalized
coupling constant due to the hard probe, it is possible in some cases to ap-
proximate the same discontinuity using a complete set of partonic states. In
particular, at high energy and within the approximation of leading logs (and
also large Nc), QCD dipoles can be identified as providing such a basis [11].
The interest is that the wave function of incoming states at the hard vertex is
completely determined at the leading log level. Using this wave-function9 to-
gether with the appropriate kT factorization properties at the proton vertices
[20], one is able to estimate the contributions to the various discontinuities
of A(3 → 3) depicted in Fig.2 within the (resummed) perturbative QCD
framework.
Hence, the S-Matrix relations (4), which express a simple phase relation
in a pure Regge framework, acquire a non-trivial meaning if one considers the
various perturbative QCD ingredients and non-perturbative interfaces for the
7The derivation can be found in the Physics Reports of Ref. [19] with the complete
expressions in page 319 for the cut and uncut triple-Regge vertices. The main issue is that
the single discontinuity Disc1 eliminates already all terms but one in the rather involved
expression of the uncut vertex.
8 In particular, α∗P (0) 6= 1, avoiding a definition problem in (4).
9In fact only 1→ 1 and 1→ 2 dipole transitions are needed [11, 14].
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Figure 2: Three analytic discontinuities of A(3→ 3). The single Disc1A, double
Disc2A, and triple Disc3A discontinuities of the triple-Regge A(3 → 3) amplitude are
displayed .
different discontinuities. In some sense, at it is shown in Fig.3, the discontinu-
ities can be associated, whenever it is possible, with the hard QCD interaction
at some time T ≈ 1/Q, supplemented by a perturbative resummation of QCD
radiation around this interaction time. The perturbative/non-perturbative
interface has to be taken into account in order to put a reasonable limit to
this derivation. Depending on the discontinuity considered, one has different
interaction pictures with a hard interaction at short time, and soft interac-
tion diluted in space-time. Instead of considering these pictures as different,
we will use the S-Matrix relations as a link between these pictures and thus
will get non-trivial relations, as we will see later on. Let us comment in turn
on the pictures corresponding to Disc1, Disc2, Disc3.
i)Disc1, as we have seen from relation (2), is parametrized in terms of soft
Pomeron trajectories and of σtotγ∗−P , the unknown quantity parametrizing the
7
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Figure 3: “Time-dependent” picture of the A(3 → 3) discontinuities. Upper
graph: Description of Disc1A(3 → 3) (partonic Pomeron approach); Middle graph: De-
scription of Disc2A(3 → 3) (candidate for the Soft Colour Interaction approach); Lower
graph: Description of Disc3A(3→ 3) (QCD dipole approach).
interaction of the incident Pomeron with the hard probe. The same σtotγ∗−P is
the one described by the partonic structure functions of the Pomeron in the
original scheme of Ref.[4]. Disc1 is thus a natural framework for the partonic
Pomeron approach, since the analytical discontinuity over the diffractive final
states is effectively expressed in terms of the hard interaction of the photon
with the partons inside the incident Pomeron. This is schematically depicted
in the “time-dependent” scheme of Fig.3, where the soft incident Pomerons
are represented as living during a “long” time, while the partonic (or QCD
dipole) process is initiated by the hard interaction.
ii) Disc2 is quite interesting since it appears as a good candidate for a
description of the Soft Colour Interaction approach, see Fig.3. It appears
as a partonic interaction very similar to the one describing ordinary deep-
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inelastic processes, in parallel with a “soft” correction evolving during a long
time, corresponding to the uncut Pomeron singularity in Fig.3. In section 4,
we will see how this can be quantified using the interrelation with the QCD
dipole picture.
iii) Disc3 : In this case the discontinuity is the “full” one, cutting the two
Pomerons together with the γ∗−P interaction. Indeed, this full cutting is
required by consistency of the QCD dipole picture based on a QCD calcula-
tion of the partonic states at the interaction time [11]. In the description of
hard diffraction (see, e.g., [11], the amplitude is deduced from a 1→ 2 dipole
transition, starting either from the primordial qq¯ state of the photon (“elastic
component”) or from a dipole excited in the photon wave function for higher
diffractive masses (“inelastic component”). In the following we shall focus
on the main “inelastic component”, leaving the “elastic component” for a
further study10.
This last analysis requires some more care about the perturbative/non-
perturbative interface, which cannot be restricted to usual factorisation prop-
erties. As studied in Ref. [22], one has to distinghuish the cases whether we
consider strictly the forward t = 0 case or not. Indeed, whenever t 6= 0,
the QCD radiation accompanying the hard probe extends far into the in-
frared region at the triple Pomeron vertex, making the perturbative treat-
ment difficult. At t = 0, due to an interesting conservation law of conformal
dimensions in the BFKL framework, the perturbative resummation acquires
more credibility, at least in the same approximation as for the total structure
functions,. We will thus stick to using the perturbative calculations at t = 0,
more precisely inspiring ourselves from those performed in paper Ref. [23] in
the framework of the QCD dipole model11.
Due to the relations (4), we expect that all three descriptions of hard
diffraction, even if having seemingly distinct “time evolutions”, indeed cor-
respond to an unique one in a complete QCD theory satisfying both macro-
scopic (S-Matrix) and microscopic (with interacting quarks and gluons) re-
quirements. In the absence yet of such a complete realization of the strong
10We expect the “elastic component” to be related to higher twist terms in an operator
product expansion of diffractive structure functions [21].
11These calculations are similar to those performed in the BFKL framework [22], with
the simplification that the 4-gluon intermediate state does not appear in the 1/Nc limit
of the QCD dipole model. The inclusion of such a state will be welcome, especially for
large diffractive masses, but lies beyond the scope and the dipole framework of our present
paper.
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interaction theory, we shall adopt the following point of view: looking for
a synthesis, we will first check whether all three approaches are consistent
between themselves and then formulate hard diffractive structure functions
realizing the synthesis.
3 From QCD dipoles to partonic Pomeron
Our starting point is the formula for the differential structure functions (in-
elastic component) at PT =0 for longitudinal and transverse photon given in
[23]:
dFDiffT,L
dP 2T
(Q2, Y, y;PT =0) =
=
NDiff
xPQ
2
0
∫ c+i∞
c−i∞
dγ1
2iπ
dγ2
2iπ
dγ
2iπ
δ(1−γ1−γ2−γ) ΘPfT,L
×
(
Q
Q0
)2γ
exp {y[∆(γ1) + ∆(γ2)] + (Y −y) [∆(γ)]} , (5)
where
∆(γ) ≡ αsNc
π
χ(γ) =
αsNc
π
{2ψ(1)− 2ψ(γ)− 2ψ(1− γ)} (6)
is the BFKL evolution kernel [10], Q0 the non-perturbative scale of primordial
dipoles in the proton [13],
NDiff ≡ 2α
5
s N
2
c e
2
f
π3
n2eff , (7)
the normalization with neff the phenomenological number of primordial
dipoles in the proton at scale Q0 and e
2
f the sum over squared quark charges.
The other prefactors of perturbative QCD origin are:
PfT,L ≡ hG(γ1) hG(γ2) IT,L(γ) G−1(γ) , (8)
with
h(γ) =
1
4γ2(1− γ)2 ; G(γ) =
Γ(γ)
Γ(1− γ) , (9)
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and finally,(
IL
IT
)
≡ 1
γ (1− γ)
Γ2(1 + γ)Γ4(2− γ)
Γ(4− 2γ)Γ(2 + 2γ)
(
2γ (1− γ)
(1 + γ)(2− γ)
)
,
which are the ‘ ‘impact factors” [10, 20, 13] of the longitudinal and trans-
verse photon in the BFKL formalism. Θ is a cut-off function taking into
account the non-perturbative description of the end of the rapidity spectrum
of emitted gluons [23]. In practice, it mainly affects the overall normalization
(also the form at edges of the β-dependence). It is one aspect of the lack of
predictivity of the QCD dipole approach about the relative normalization of
diffractive vs. non diffractive contributions.
One important ingredient of formula (5) is the delta function δ(1−γ1−
γ2−γ). It expresses the conservation law of conformal dimensions at the
triple pomeron vertex, which is a special feature of the BFKL property in
the forward direction. As discussed in the previous section, we have choosen
the QCD dipole formulation for the forward diffraction instead of the non-
forward one [11], since it is expected to be less affected by non -perturbative
contributions. On the other hand, it is phenomenologically not difficult to in-
sert the non-perturbative phenomenological information on the t-dependence
coming from the proton vertices in the non-forwardregion. Indeed, it is con-
venient to parametrize the integrated diffractive structure function assuming
an exponential behaviour
dFDiff
T,L
dP 2
T
≈ dF
Diff
T,L
dP 2
T
(PT = 0) e
−P 2
T
/<P 2
T
>, well verified
experimentally12 [24]. We will thus in the following assume the relations:
FDiffT,L (Q
2, Y, y) ≡
∫
dP 2T
dFDiffT,L
dP 2T
≈ < P 2T >
dFDiffT,L
dP 2T
(PT = 0). (10)
The first step of the computation of formula (5) is [12, 23] to use the
saddle-point approximation at large y to integrate over the difference γ1−γ2.
One easily gets
dFDiffT,L
dP 2T
(PT =0) = NDiff 1
xPQ20
∫ c+i∞
c−i∞
dγ
2iπ
√√√√ 1
4π∆′′(1−γ
2
) y
12The mean squared transverse momentum < P 2T > is presently known [24] only on a
global average to be of order 7GeV 2. It could depend on other variables but it happens
to be very similar to the diffractive photoproduction slope, confirming the stability of this
non perturbative parameter in different kinematical regions. We shall assume it constant
in the following.
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ΘPfT,L exp
{
2y[∆
(
1−γ
2
)
] + (Y −y) [∆(γ)] + 2γ log Q
Q0
}
. (11)
For comparison the QCD dipole formula for the total proton structure
functions [13] is:
FT,L = N tot
∫ c+i∞
c−i∞
dγ
2iπ
eY∆(γ)
(
Q
Q0
)2γ
h(γ) IT,L(γ), (12)
with
N tot = α
2
sNc
π
neff e
2
f . (13)
In order to proceed further in our theoretical analysis, it is suitable to
look for an analytical solution of (11). For this sake we shall now use another
saddle-point approximation near γ = 0. In previous analyses, the integral was
either approximated in some regions of the variables [12] or numerically eval-
uated [23]. For sake of a theoretical discussion in parallel with the formula
(12) for the total structure functions, we better choose a gaussian approxi-
mation valid in a reasonably large physical region.
The gaussian approximation makes use of the following expansions
∆
(
1−γ
2
)
≈ ∆+ ∆
′′
8
γ2 +O(γ4)
∆(γ) ≈ ∆+ ∆
′′
2
(
1
2
−γ
)2
+O
(
(
1
2
−γ)4
)
, (14)
where by definition
∆ ≡ ∆(γ= 1
2
) = 4 log 2
αsNc
π
; ∆
′′ ≡ ∆′′(γ= 1
2
) = 28ζ(3)
αsNc
π
. (15)
Note that 0 < γ < 1/2, which allows one to use the gaussian saddle-point
for diffraction in a region avoiding the edges of integration13 γ = 0, 1
2
. .
It is important to realize here a different expected result with the gaussian
approximation for the total structure function (12) in the BFKL formalism
13We checked the approximate validity of the gaussian approximation by comparison
with a non-Gaussian one ∆(γ) ≈ αsNc
pi
(
1
γ
+ 4ζ(3) γ2
)
valid when γ ∼ 0 [12] and with
numerical estimates [23]. More precisely, 4 log 2 ≈ 2.77; 28ζ(3) ≈ 33.6 , giving ∆′′/8∆
of order 1. Hence the approximations (14) will be good for ∆
(
1−γ
2
)
, less for ∆(γ), but
enough for our theoretical purpose.
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where one uses a saddle-point approximation near γ = 1/2. In particular,
the dynamical exponent ∆(γ) will be moved away from its canonical value
at γ = 1/2, even without the virtuality factor
(
Q
Q0
)2γ
.
After using the gaussian approximation, and relation (10), the resulting
structure functions read:
FDiffT,L (Q
2, Y, y) = NDiff< P
2
T >
xPQ20
Θ PfT,L
exp(2y∆)
4π∆′′y
×
√
2
1 + 2η
exp {(Y −y) ǫs}
(
Q
Q0
)2γs
exp

− 2η
1 + 2η
2 log2
(
Q
Q0
)
∆′′(Y −y)

 , (16)
where the saddle-point determines both the new “effective dimension” and
“effective intercept”:
γs =
η
1 + 2η
; ǫs = ∆+
∆
′′
8(1 + 2η)
(17)
for the Pomeron-photon cross-section. By definition
η =
Y −y
y
=
log 1/β
log 1/xP
. (18)
The connection between the QCD dipole model and the partonic Pomeron
is thus well illustrated by the identification of our resulting formula (16) with
the triple Regge prediction (2) considered at t = 0. Indeed, We identify the
partonic Pomeron intercept as αP (0) ≡ 1 + ∆, which is natural in a BFKL
framework at Q = Q0, see the following discussion. We get now the following
new relation:
σtotγ∗−P ∼
√
2
1+2η
exp {(Y −y)ǫs}
(
Q
Q0
)2γs
exp

− 2η
1+2η
2 log2
(
Q
Q0
)
∆′′(Y−y)

 ,
(19)
with (17) defining the “effective” anomalous dimension and intercept of a
“deformed” BFKL formula for the photon Pomeron (with zero mass =
√−t)
total cross-section.
It is interesting to compare expression (16) and γs, ǫs with the canonical
BFKL formula (12) in the saddle-point approximation namely:
FL,T ≈ N tot h IT,L exp(Y∆)√
2π∆′′ Y
(
Q
Q0
)
exp

−2 log
2
(
Q
Q0
)
∆′′ Y

 . (20)
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The “effective BFKL” parameters for σtotγ∗−P differ from the BFKL ones by
an amount depending on η = Y−y
y
. Also note that the “diffusion” term, which
quantifies the amount of transverse momentum drift of gluons (or dipoles)
along the BFKL evolution [25] is renormalized by a factor 2η/(1 + 2η), the
same as for the anomalous dimension γs.
While at large η the formulae become similar, since for instance γs →
1
2
, ǫs → ∆, they sizeably differ from them provided η ≥ O(1). In fact, this
is realized in practice, since in present experiments β ≥ xP . On contrary,
the features of the Pomeron exchanges responsible for the gaps are those of
the “bare” BFKL values taken at Q ≡ Q0, which can be interpreted as the
partonic Pomerons in the BFKL formalism since the scale Q0 is characteristic
of the starting point of the QCD evolutions.
Thus the “deformed” BFKL parameters (17) lead to a situation which
can be called intermediate between a “hard” (with effective dimension γ = 1
2
)
and a “soft” (with γ = 0) Pomeron, depending on the ratio 2η/(1+2η). Also,
the energy dependence is faster for the “deformed” BFKL singularity than
for the partonic Pomeron. This original situation is confirmed by numerical
estimates [23].
4 From dipoles to Soft Colour Interaction
In order to confront and unify the QCD dipole and Soft Colour Interaction
approaches, we will estimate the overall contribution of hard diffraction to
the total structure function at fixed value of xBj . As previously done, we will
stick here to the “inelastic” (leading-twist) diffractive component leaving for
further study the “elastic” component with small diffractive masses.
Let us then consider the following integral:
F
Diff/tot
T,L =
∫ xgap
xBj
dxPdP
2
T
dFDiffT,L
dP 2T
(Q2, Y, y;PT )
≈
∫ xgap
xBj
dxPdP
2
T < P
2
T >
dFDiffT,L
dP 2T
(Q2, Y, y;PT = 0)
=
NDiff < P 2T >
Q20
∫ c+i∞
c−i∞
dγ1
2iπ
dγ2
2iπ
dγ
2iπ
δ(1−γ1−γ2−γ) ΘPfT,L
×
(
Q
Q0
)2γ∫ Y
ygap
dy e[y(∆(γ1)+∆(γ2))+(Y−y) ∆(γ)] , (21)
14
where ygap ≡ log 1xgap is the minimal value retained for the rapidity gap.
Indeed, the integral over y is expected to be dominated by the behaviour
of the integrand for large enough gaps. We also keep the approximation14
< P 2T >= cst.
Technically, the integrals in (21) can be performed using a saddle-point
method in both variables γ and y provided the conditions
∆ Y ≫ 1 ; log
Q
Q0
∆′′ Y
≤ 1 (22)
are realized. The saddle-point equations, see Appendix A2, lead to remark-
ably simple solutions
yc =

Y + 2 log
Q
Q0
∆′(γc)



1 + ∆
′
(
1−γc
2
)
∆′(γc)


−1
∆(γc) = 2∆
(
1− γc
2
)
(23)
resulting in a value of γc ≃ 0.175 which is “universal”, i.e. independent of
the kinematics of the reaction.
The saddle-point calculation leads to the following expression:
F
Diff/tot
T,L =NDiff
< P 2T >
Q20
ΘPfT,L
|∆′(1−γc
2
)−∆′(γc)|
(
Q
Q0
)2γc exp (Y∆(γc))√
4π∆′′
(
1−γc
2
)
yc
.
(24)
Note that ∆
′
(1−γc
2
)+∆
′
(γc) < 0 when 0 < γ <
1
2
.
Let us now come to the main outcome of this calculation. Let us compare
the result (24) to a total hard contribution of BFKL type, see equation (12),
which can be rewritten in a saddle-point approximation:
FL,T ≈ N tot h(γs.p.) IT,L(γs.p.)
(
Q
Q0
)2γs.p. exp (Y∆(γs.p.))√
2π∆′′ Y
, (25)
with the BFKL saddle-point value
γs.p. =
1
2

1− 4log
(
Q
Q0
)
∆′′ Y

 . (26)
14See the discussion at the end of section 2 and footnote 12.
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Hence, (24) is strikingly similar to a BFKL formula (12) with a shift in the
value of the saddle-point namely:
γs.p. ⇒ γc . (27)
It is remarkable that the total diffractive contribution to the structure
function has the same analytical form as the non-diffractive one, up to the
substitution (27) and the prefactors, which we will study next. This QCD
derivation is thus compatible with the postulate of the Soft Colour Interac-
tion approach, namely the relation between the diffractive and non diffrac-
tive deep-inelastic processes stating that the diffractive part of the total hard
cross-section is not intrinsically different. In the SCI framework, this is ex-
plicitely realized as a whole in the first paper of Ref. [8] while it is realized
graph by graph in the approach of paper [9]. In the framework of our QCD
calculations, it is however realized in a somewhat modified way, through
a shift (27) in the “effective” parameters of the hard interaction. We will
comment later upon possible phenomenological consequences of this effect.
Using our identification of the hard interaction of BFKL type present
in F
Diff/tot
T,L , we are now able to take advantage of the second postulate of
the Soft Colour Interaction approach, i.e. the probabilistic evaluation of
the soft rearrangement of colour at large distances, leading to the famous
factor 1/N2c in the ratio of diffractive vs. non diffractive cross-sections. This
beautifully simple proposal expected from non perturbative QCD properties
can be incorporated in the unified approach in an easy way. We are thus led
to a proportionnality between the prefactors of the BFKL expressions (20)
and (24), namely
NDiff < P 2T >
Q20
ΘPfT,L(γ)
|∆′(1−γ
2
) + ∆′(γ)| ⇐⇒
1
N2
c
N tot h(γ) IT,L(γ) . (28)
Using our result (24) and assuming thus a relation between the prefactors
compatible with (28), the total diffractive contribution can be rewritten
F
Diff/tot
T,L ≈
1
N2
c
N tot h(γc) IT,L(γc)
(
Q
Q0
)2γc exp (Y∆(γc))√
4π∆′′
(
1−γc
2
)
yc
. (29)
Coming back now to our saddle-point result (16) for the differential hard
diffractive structure function (5), one rewrites
FDiffT,L (Q
2, Y, y) ≈ 1
N2
c
N
xP
e2y∆
4π∆′′y
√
2
1+2η
16
× exp {(Y −y) ǫs}
(
Q
Q0
)2γs
exp

− 2η
1+2η
2 log2
(
Q
Q0
)
∆′′(Y −y)

 , (30)
where γs and ǫs are defined in (17) and a known normalization
N ≡ |∆′(1−γc
2
)+∆
′
(γc)| h(γc) IT,L(γc)×N tot , (31)
with γc as in (29). Note that we could also have considered γs(y) instead of
the constant γc in formula (31) since the prefactors are expected to be slowly
varying functions of γ. In fact, care must be taken about poles at γ = 0
contained in the functions IT,L(γ) (the same poles appear consistently in both
sides of (28), as explicit in the definition (8) of PfT,L(γ)). A normalization
correction could appear in (29,30) by a known rescaling factor [26]. We leave
a detailed phenomenological study for futher work.
The relations (29,30) call for some comments. On a theoretical point of
view, these relations are out of range of the present knowledge of QCD, for
its large distance, confining regime. However, some arguments are in favor of
such kind of relations. For instance, there exists a complementarity between
the perturbative results and the non perturbative ansatze present here. The
value of the strong coupling constant αs, the number of primordial dipoles
neff and, in the derivation [23] of hard diffraction, the expression of the
cut-off Θ are not determined in the BFKL approach which essentially means
that the relative normalization of diffractive vs. non-diffractive contributions
remain unknown. It is just this ratio which is determined by the Soft Colour
Interaction ansa¨tz. On the other hand, the non-trivial form of the structure
functions inherited from the QCD dipole calculations could not be guessed
just from what we know about soft colour processes, which are limited by
our present lack of knowledge of the theory of strong interactions at long
distances.
5 Summary and outlook
Summarizing our results, let us quote:
1) Using S-Matrix properties of triple-Regge contributions, a relation is
found between three popular approaches to hard diffraction: the partonic
Pomeron, Soft Colour Interaction and QCD dipole formulations.
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2) A formulation of the Soft Colour Interaction approach is proposed as
a specific double discontinuity of a 3→ 3 forward amplitude.
3) The “effective” parameters of the γc-Pomeron total cross-section cor-
responding to the partonic Pomeron are determined from leading log per-
turbative QCD resummation. They are found to depend not only on on Q2
but also on rapidities through the parameter η = log(1/β)/ log(1/xP ) ≈<
log(M2X) > /ygap.
4) The diffractive structure functions FDiffT,L (Q
2, Y, y) are found to be de-
termined both in form and normalization, using their perturbative (through
QCD dipoles) and non perturbative (through Soft Color Interaction) rela-
tionship with the total structure functions F totT,L(Q
2, Y, y).
Let us add a few comments concerning these points.
Concerning the partonic Pomeron approach, we find15 that the “effective”
parameters of σ
(T,L)/tot
γ∗−P depend on a parameter η external to the γ
∗ − P
reaction. Looking to the deep reason of this fact, we find the constraint
γ1 + γ2 + γ = 1 which prevents the BFKL Pomeron singularities of the
involved BFKL Pomerons from taking their ordinary saddle-point positions.
Hence those Pomerons responsible for the gaps become Q2-independent while
the one in σ
(T,L)/tot
γ∗−P becomes both Q
2 and η-dependent. This kind of “off-
shellness” is quite remarkable, showing that a universal Pomeron kernel ∆(γ)
can lead to non-universal effective behaviours when put in a hard interaction
context. It would be interesting to look for an experimental study of this
intringuing feature of the partonic Pomeron. The compatibility with DGLAP
evolution equations is also to be studied in detail.
Concerning the Soft Colour Interaction prediction, relating the diffrac-
tive and non-diffractive components of deep-inelastic scattering, it seems
quite compatible with the QCD predictions on the form of the amplitudes.
However, an unexpected difference appears, since the typical values of the
“effective” dimensions are different in both cases. it is clear for the inte-
grated diffractive contribution F
Diff/tot
T,L , see (21), comparing γs.p. and γc. It
is also explicit from the analysis of FDiffT,L itself that the relevant regions in
the inverse Mellin transforms are always for values of γ lower than for F totT,L.
It will be interesting to test this prediction with data.
For developping this study beyond the first theoretical step, we would like
to stress the feasability of phenomenological tests and applications. How-
15This remark was made in Ref.[12] about the BFKL result and is extended here to the
partonic Pomeron.
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ever this requires a similar analysis for the “elastic” QCD dipole component.
One knows that the Mueller Regge formulae can be extended to generalized
Pomeron Regge amplitudes (e.g. [27]). We find interesting to elaborate on
the S-matrix discontinuity properties in this context and their possible rela-
tions with “higher-twist” QCD contributions which are known to be relevant
in this case. This deserves a specific study which is beyond the scope of this
paper.
On the theoretical ground, some interesting problems arise. For instance,
the known problem of the application of a (resummed) perturbative scheme
at t 6= 0 require a better understanding of the matching between perturba-
tive and non-perturbative features. Also are interesting to develop the more
precise extension of this scheme to Regge cuts, next-leading BFKL contri-
butions and, last but not least, unitarity corrections, which are required to
identify properly the soft Pomeron contributions. Finally, the study of Teva-
tron results on diffraction will be welcome, since the Soft Colour Interaction
approach seems to give some interesting clues, while factorization of the par-
ton structure functions of the Pomeron appears to be violated.
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APPENDIX: Saddle-point calculation of section 4
Starting with Eq. (21), the integration over γ1 − γ2 leads to
FDiffT,L = NDiff
< P 2T >
xPQ20
∫ c+i∞
c−i∞
dγ
2iπ
√√√√ 1
4π∆′′(1−γ
2
) y
ΘPfT,L expH(y, γ) ,
(32)
where the function
H(y, γ) ≡
{
2y∆
(
1−γ
2
)
+ (Y −y) ∆(γ) + 2γ log Q
Q0
}
(33)
determines the saddle-point equations, namely
∂H(y, γ)
∂γ
≡ −y ∆′
(
1−γ
2
)
+ (Y −y) ∆′(γ) + 2 log Q
Q0
= 0
∂H(y, γ)
∂y
≡ 2∆
(
1− γ
2
)
−∆(γ) = 0 , (34)
whose solution (yc, γc) is given in (23), see the text.
The prefactors appearing in the integrated formula are coming from the
partial second derivatives ofH(y, γ).A first one comes from the partial second
derivative over γ
1√
2π ∂
2H
∂γ2
(yc, γc)
=
1√
2π
[
yc
2
∆′′
(
1−γc
2
)
+ (Y −yc) ∆′′(γc)
] . (35)
The second one is slightly more involved. It reads
√√√√ 2π
∂γc
∂y
[
2 ∂
2H
∂γ∂y
+ ∂
2H
∂γ2
∂γc
∂y
] =
√√√√√√2π
[
yc
2
∆′′
(
1−γc
2
)
+ (Y −yc) ∆′′(γc)
]
(
∆′(1−γc
2
)+∆′(γc)
)2 . (36)
The simplification appearing in the second prefactor comes from an identity
∂2H
∂y2
∂γc
∂y
+
∂2H
∂γ∂y
= 0 (37)
at the saddle-point (yc, γc), which came from the calculation.
Noting that the numerator of (36) simplifies with the denominator of (35),
we are led to the final remarkably simple formula (24) of the text.
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